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Using a transport model that includes a first-order chiral phase transition between the partonic
and the hadronic matter, we study the development of density fluctuations in the matter produced
in heavy ion collisions as it undergoes the phase transition, and their time evolution in later hadronic
stage of the collisions. Using the coalescence model to describe the production of deuterons and
tritons from nucleons at the kinetic freeze out, we find that the yield ratio NtNp/N
2
d , where Np,
Nd, and Nt are, respectively, the proton, deuteron, and triton numbers, is enhanced if the evolution
trajectory of the produced matter in the QCD phase diagram passes through the spinodal region of
a first-order chiral phase transition.
PACS numbers: 12.38.Mh, 5.75.Ld, 25.75.-q, 24.10.Lx
I. INTRODUCTION
It is generally agreed that the quark-gluon plasma
(QGP), which is believed to have existed at the very be-
ginning of our universe, has been created in collisions
of two heavy nuclei at extremely high energies [1–6]. In
these collisions, the produced QGP undergoes a rapid ex-
pansion, leading to a decrease of its temperature until it is
converted to a hadronic matter (HM) as a result of color
confinement. The hadronic matter further expands and
cools due to scatterings among hadrons until the kinetic
freeze out when they suffer their last scatterings. Accord-
ing to calculations based on the lattice quantum chromo-
dynamics (LQCD) at zero and small baryon chemical po-
tentials [7–9], the phase transition from the QGP to HM
is a smooth crossover. At finite baryon chemical poten-
tial (µB) or baryon density (ρB), many effective theories
have suggested, however, that the quark-hadron phase
transition is a first-order one [10–17], indicating the ex-
istence of a critical endpoint (CEP) on the first-order
phase transition line in the µB − T plane. By changing
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the beam energy as well as selecting the size of the colli-
sion system and the rapidity range of produced particles,
heavy ion collisions provide the possibility of exploring
different regions in the µB − T (or ρB − T ) plane of the
QCD phase diagram. To search for the CEP and locate
the phase boundary in the QCD phase diagram are the
main motivations for the experiments being carried out in
the Beam Energy Scan (BES) program at RHIC, FAIR,
NICA, and NA61/SHINE.
In heavy-ion collisions, the created matter is expected
to develop large baryon density fluctuations as a result
of the spinodal instability [18–25] or the long-range cor-
relations [26, 27] if its evolution trajectory in the QCD
phase diagram passes across the first-order phase transi-
tion line or the critical region of CEP. Although studying
density fluctuations in heavy ion collisions offers the op-
portunity to locate the CEP in the QCD phase diagram,
it is a challenge to identify observables that are sensitive
to these density fluctuations or correlations and thus al-
low us to extract information on the phase structure of
QCD from experimental measurements [4–6, 28–33]. For
the recently developed technique based on the machine
learning with deep neural network, it provides a plausi-
ble way to discriminate results from different equations
of state with no pre-defined physical observables [34, 35]
but has not yet been successfully applied to real exper-
imental data. On the other hand, a well-known ob-
servable is the fourth-order fluctuation κσ2 in the net-
proton multiplicity distribution, given by the product of
2its kurtosis κ and the variance σ2, which is expected
to show a non-monotonic behavior in its collision en-
ergy dependence [27, 36]. Another promising observable
is the production of light nuclei, such as deuteron (d),
triton (t), helium-3 (3He) etc., due to their composite
structures [21, 37–41]. In particular, it was shown in
Refs. [38, 39] that the ratio Op-d-t = NtNp/N2d of the
proton, deuteron, and triton yields would be enhanced
and a peak structure is expected in its collision energy
dependence if large spatial density fluctuations are devel-
oped during the QGP to HM phase transition and can
survive later hadronic scatterings. Recently, this ratio
has been measured in heavy ion collisions at both SPS
energies [38, 42] and RHIC BES energies [43–45], and pre-
liminary data indeed shows possible non-monotonic peak
structures in its collision energy dependence. Although
it has been shown in Ref. [23] that large spatial density
fluctuations can develop during the QGP to HM phase
transition, whether they can survive later hadronic scat-
terings has not been studied. To answer the question of
whether the non-mononic behavior of NtNp/N
2
d seen in
experimental data is due to a first-order or second-order
QGP to HM phase transition thus requires detailed dy-
namical modelings of the time evolution of density fluc-
tuations in heavy ion collisions [32, 46].
Various hydrodynamic approaches are being developed
to include the effect of density fluctuations, and they in-
clude the stochastic fluid dynamics [47–51], the hydroki-
netic approach [52–55], and the nonequilibrium chiral
fluid dynamics [22, 24, 56–59]. Instead of the hydrody-
namic model, we extend in the present study the par-
tonic transport model of Refs. [23, 60], which includes
the dynamics of baryon density fluctuations in the par-
tonic phase, to include also the effect of hadronic scat-
terings on the baryon density fluctuations. The par-
tonic phase described in Refs. [23, 60] is based on the
Nambu-Jona-Lasino (NJL) model [61, 62], which consists
of scalar and vector interactions between light quarks in
the mean-field approximation. Without the vector in-
teraction, the chiral phase transition in this model is a
smooth crossover at small baryon chemical potentials but
changes to a first-order transition as the baryon chemical
potential becomes large. Because of the repulsive nature
of quark vector interaction in baryon-rich quark matter,
increasing its strength can change the location of the crit-
ical endpoint in the phase diagram of quark matter and
even make it disappear. With proper initializations of
the baryon-rich quark matter produced in heavy ion col-
lisions, its evolution trajectory for the case of a first-
order phase transition in its equation of state could enter
the spinodal region of its phase diagram and develops
large density fluctuations [23]. Converting these quarks
to hadrons via the spatial coalescence model in a multi-
phase transport (AMPT) model [63], the quark density
fluctuations are transferred to the density fluctuations in
the initially produced hadronic matter. The effects of
subsequent hadronic scatterings can then be modeled by
a relativistic transport (ART) model [64] in the AMPT
to study if the baryon density fluctuations can survive
during the expansion of the hadronic matter.
Based on the nucleon coalescence model using the ki-
netically freeze-out nucleons from the above described
approach for light nuclei production, we study in this
work the effects of baryon density fluctuations induced
during the first-order chiral phase transition of quark
matter on their production in heavy ion collisions. We
find that these density fluctuations can survive a long
time and eventually leads to a yield ratio of NtNp/N
2
d of
around 0.5 that is larger than those predicted in a re-
cent study [65] based on the AMPT model with a smooth
transition from the partonic phase to the hadronic phase,
which is around 0.4 regardless of the collision energy. Our
results thus suggest the observed non-monotonic behav-
ior of NtNp/N
2
d , in particularly its enhancement seen
in experiment measurements, could be due to the occur-
rence of a first-order phase transition between QGP and
hadronic matter.
This paper is organized as follows. In Sec. II, we
give a detailed description of the model setup for the
present study, which includes the 3-flavor NJL model and
the partonic transport model derived from this model as
well as the nucleon coalescence model used for producing
deuteron and triton from the kinetically freeze-out nu-
cleons. Results on the time evolution of the net-baryon
density fluctuations and the yield ratio NtNp/N
2
d are
then given in Sec. III for both cases with and without
a first-order phase transition in the equation of state of
the quark matter. We then present the conclusions and
outlook in Sec. IV. Finally, an appendix is included to
show that the effect of density fluctuations on the yield
ratio NtNp/N
2
d in the thermal model is similar to that in
the coalescence model.
II. MODEL SETUP
A. Partonic interactions
To describe the partonic matter produced in relativis-
tic heavy ion collisions, we follow Ref. [23] by adopting
the 3-flavor NJL model [66] in terms of the following La-
grangian density,
L = L0 + LS + LV + Ldet, (1)
with
L0 = ψ¯(iγµ∂µ − mˆ)ψ,
LS = GS
8∑
a=0
[(ψ¯λaψ)2 + (ψ¯iγ5λ
aψ)2],
LV = −gV (ψ¯γµψ)2,
Ldet = −K[detψ¯(1 + γ5)ψ + detψ¯(1− γ5)ψ], (2)
where L0 is the non-interacting Lagrangian density for
free quarks, ψ = (u, d, s)T represents the 3-flavor quark
3fields, and mˆ = diag(mu,md,ms) is the current quark
mass matrix. In the above equation, LS is the interac-
tion Lagrangian density for the quark scalar interaction
with GS being the scalar coupling constant, λ
a(a=1,...,8)
being the Gell-Mann matrices, and λ0 =
√
2/3I. The
term Ldet is the Lagrangian density for the Kobayashi-
Maskawa-t’Hooft (KMT) interaction [67] that breaks the
U(1)A symmetry with ‘det’ denoting the determinant in
flavor space [68], i.e.,
det(ψ¯Γψ) =
∑
i,j,k
ǫijk(u¯Γqi)(d¯Γqj)(s¯Γqk). (3)
This term gives rise to the six-point interactions in three
flavors. For the case of two flavors, the sum of scalar
and psudo-scalar interactions and the KMT interaction
with K = −GS reduces to the original NJL model. The
term LV represents the Lagrangian density for the flavor-
independent vector interaction with gV being the cou-
pling strength [69].
As usually adopted in the application of the NJL
model, we use the mean-field approximation [70] to lin-
earize the interactions, and the Lagrangian density be-
comes
L = u¯(γµiDuµ −Mu)u+ d¯(γµiDdµ −Md)d
+s¯(γµiDsµ −Ms)s− 2GS(φ2u + φ2d + φ2s)
+4Kφuφdφs + gV (j
µ
u + j
µ
d + j
µ
s )(juµ + jdµ + jsµ),
(4)
where
Mu = mu − 4GSφu + 2Kφdφs,
Md = md − 4GSφd + 2Kφuφs,
Ms = ms − 4GSφs + 2Kφuφd (5)
are the in-medium effective masses of u, d, and s quarks,
respectively, with φu = 〈u¯u〉, φd = 〈d¯d〉, and φs = 〈s¯s〉
being their respective condensates. In Eq. (4), juµ =
〈u¯γµu〉, jdµ = 〈d¯γµd〉, and jsµ = 〈s¯γµs〉 denote, respec-
tively, the u, d, and s net-quark vector currents, and
iDuµ = i∂µ −Auµ, iDdµ = i∂µ −Adµ,
iDsµ = i∂µ −Asµ, (6)
are the covariant derivatives, where the effective vector
potentials are
Auµ = Adµ = Asµ = 2gV (juµ + jdµ + jsµ). (7)
B. The equation of state
The thermodynamic properties of a 3-flavor quark sys-
tem are determined by the partition function Z with the
path integral representation,
Z = Tre− 1T (Hˆ−µNˆ) =
∫
DψDψ¯e
∫
β
0
∫
Ldτd3x, (8)
where β = 1/T and Hˆ are, respectively, the inverse of
the temperature T and the Hamiltonian operator, and µ
and Nˆ are the chemical potential and corresponding con-
served charge number operator, respectively. The ther-
modynamic potential of the quark matter of volume V
then reads
Ω = −T
V
lnZ = Ωu +Ωd +Ωs + 2GS(φ2u + φ2d + φ2s)
−4Kφuφdφs − gV (ρu + ρd + ρs)2, (9)
where ρf is the net-quark number density of quarks of
flavor f = u, s, d, and
Ωf = −2Nc
∫
d3p
(2π)3
[
Ef + T ln
(
1 + e
Ef−µ
∗
f
T
)
+T ln
(
1 + e
Ef+µ
∗
f
T
)]
, (10)
with Ef = (M
2
f + p
2)1/2 being the quark energy and
µ∗u = µu − 2gV (ρu + ρd + ρs),
µ∗d = µd − 2gV (ρu + ρd + ρs),
µ∗s = µs − 2gV (ρu + ρd + ρs), (11)
being the effective chemical potentials.
Minimizing the thermodynamical potential with re-
spect to the quark in-medium masses and chemical po-
tentials, i.e.,
δΩ
δMf
=
δΩ
δµ∗f
= 0, (12)
leads to the following expressions for the quark conden-
sates and the net-quark number densities,
φf = 2Nc
∫
d3p
(2π)3
Mf
Ef
(nf+ + nf− − 1),
ρf = 2Nc
∫
d3p
(2π)3
(nf+ − nf−), (13)
where the occupation numbers are nf± =(
e
Ef∓µ
∗
f
T + 1
)−1
with the upper (lower) sign for
quarks (antiquarks). The net-quark number density ρf
is the time component of the net-quark vector current
jfµ = 2Nc
∫
d3p
(2π)3
pµ
Ef
(nf+ − nf−), (14)
whose space components vanish in thermodynamical cal-
culations for a static system, but become effective in
transport simulations. Because the NJL model is un-
renormalizable, a momentum cutoff Λ is usually intro-
duced in the integrals in above equations.
For the parameters in the NJL model, we use the values
mu = md = 5.5 MeV, ms = 140.7 MeV, GSΛ
2 = 1.835,
4KΛ5 = 12.36, and Λ = 602.3 MeV [13, 66, 71]. Fig-
ure 1 shows the quark matter phase digram in the tem-
perature and density plane for the case of vanishing vec-
tor coupling gV = 0. The dash-dotted line denotes the
coexistence line for the chiral symmetry restored and
broken phases, while the solid line denotes the line on
which the condition (∂P/∂ρq)T = 0 is satisfied, where
ρq = ρu+ρd+ρs is the net-quark number density and the
pressure is given by P = −Ω+Ω0 with Ω0 being the ther-
modynamical potential of the QCD vacuum. For quark
matter in between these two lines, it is in the metastable
phase. In the shaded region, where the quark matter
has a convex anomaly in its pressure (∂P/∂ρq)T < 0
and is thus unstable against phase decompositions [19].
The critical temperature and net-quark density in this
case are around 70 MeV and 0.85 fm−3, respectively. We
note that the critical temperature in the NJL model is
smaller than those obtained from the approach based on
the Schwinger-Dyson equation [72, 73] and the functional
renormalization group method [74, 75]. Including the
repulsive vector interaction of coupling gV = GS , the
critical point disappears in the phase diagram, and the
transition from the chirally restored phase to the broken
phase changes to a smooth crossover.
 Spinodal Region (( P/ q)T < 0)
FIG. 1: Quark matter phase diagram in the temperature and
the net-quark density plane from the three-flavor NJL model
with gV = 0 with equal chemical potential for u and d quarks
and zero chemical potential for s quarks.
C. Equations of motion in transport simulations
To construct a partonic transport model from the NJL
model, one needs the equations of motion of quarks and
antiquarks (partons) of a given flavor in their mean fields.
They can be obtained from the effective vector mean-field
potential Aµ = (A0,A) in Eq. (7) and the in-medium
quark mass in Eq. (5) through the single parton Hamil-
tonian,
H± = ±A0 +
√
M2 + (P∓A)2, (15)
where the upper (lower) sign is for quarks (antiquarks),
and P = p±A is the canonical momentum with p being
the kinetic momentum.
In terms of the strong electric and magnetic fields,
given byE = −∂A∂t +∇rA0 andB =∇r×A, respectively,
and the effective energy of a quark E∗ =
√
M2 + p2,
the time evolution of the partonic matter produced in
relativistic heavy-ion collisions can be described by a
transport equation for the parton phase-space distribu-
tion functions f±(~r, ~p, t), similar to that for the nucleonic
matter based on the Walecka model [76, 77], i.e.,
∂f±
∂t
+ v ·∇rf± +
(
−M
E∗
∇rM ±E± v ×B
)
· ∇pf±
=
(
∂f±
∂t
)
coll
(16)
with v = drdt =
p
E∗ . In the above, (
∂f±
∂t )coll is the collision
term for describing the change of the phase-space distri-
bution function of partons due to their scatterings and is
given by the integral
(
∂f±
∂t
)
coll
= − 1
(2π)3
∫ ∫
dp2dp3
∫
dΩ|v12| dσ
dΩ
×δ(3)(p+ p2 − p3 − p4){f±(r,p, t)f(r,p2, t)
×[2Nc − f(r,p3, t)][2Nc − f(r,p4, t)]
−f(r,p3, t)f(r,p4, t)
×[2Nc − f±(r,p, t)][2Nc − f(r,p2, t)]}, (17)
where v12 is the relative velocity between the two scat-
tering partons and dσ/dΩ is their differential scattering
cross section. The equilibrated parton distributions from
the transport model are f± = 2Ncn±, where n± are the
occupation probabilities defined below Eq. (13) with the
flavor index omitted.
Solving the transport equation by the test particle
method [78] leads to the following equations of motion for
a test parton between its scattering with another parton:
dr
dt
= v,
dp
dt
= −M
E∗
∇rM ±E± v ×B. (18)
In the test particle method, the parton scalar and vector
densities are determined by dividing the system into cells
in space and including in each cell only test partons that
have momenta in the rest frame of the cell less than the
cutoff momentum Λ. The in-medium quark masses and
the scalar field are calculated in the cell rest frame, and
the vector fields are calculated in the laboratory frame
with corresponding coupling constants. For test partons
5with momentum above the cutoff, they are not affected
by the mean fields and are thus treated as free parti-
cles. For the collision term in the transport equation in
Eq. (16), only partons in the same physical event are
allowed to scatter with each other and the geometrical
method of Ref. [79] is used to treat their scatterings.
D. Density fluctuations and light nuclei production
To quantify the density fluctuation, we consider the
scaled density moments yN = ρN/ρ
N [21] with
ρN =
∫
dxρ(N+1)(x)∫
dxρ(x)
. (19)
It is easy to show that the first-order scaled density mo-
ment y1 = 1 and that yN = 1 if the density is a constant.
In the present study, we are interested in the second-order
scaled density moment, i.e.,
y2 =
[
∫
dxρ(x)][
∫
dxρ3(x)]
[
∫
dxρ2(x)]2
. (20)
For small density fluctuations, ρ(x) = ρ0+ δρ(x) with ρ0
being the average density, one can obtain the following
relation
y2 ≈ 1 +
∫
dx(δρ(x))2∫
dxρ20
≡ 1 + ∆ρ. (21)
where ∆ρ is defined as the relative density fluctuation
averaged over space [38, 39].
Although the density fluctuation in heavy ion collisions
is not directly accessible in experimental measurements,
it can affect the production of light nuclei as pointed out
in Refs. [38, 39]. Recently, understanding light nuclei pro-
duction in relativistic heavy ion collisions has attracted
a lot of theoretical interest [65, 80–102]. To illustrate
the relation between density fluctuations and light nuclei
production, we adopt the nucleon coalescence model to
study light nuclei production using kinetic freeze-out nu-
cleons in heavy ion collisions from a simple fireball model
in this section and then from a more realistic transport
model in the next section.
For deuteron production from an emission source of
protons and neutrons, its number in the coalescence
model is calculated from the overlap of the proton
and neutron phase-space distribution functions fp,n(x,p)
with the Wigner functionWd(x,p) of the deuteron inter-
nal wave function [103], i.e.,
Nd = gd
∫
d3x1d
3p1d
3x2d
3p2fn(x1,p1)
×fp(x2,p2)Wd(x,p), (22)
with gd = 3/4 being the statistical factor for spin 1/2
proton and neutron to from a spin 1 deuteron. For the
Wigner function of the deuteron, which is given by the
Wigner transform of its internal wave function, it is taken
to be
Wd(x,p) = 8 exp
(
−x
2
σ2
− σ2p2
)
, (23)
by using a Gaussian or harmonic oscillator wave func-
tion for its internal wave function as usually assumed
in the coalescence model for deuteron production. Nor-
malizing the deuteron Wigner function according to∫
d3x
∫
d3p Wd(x,p) = (2π)
3, it gives the probability
for a proton and a neutron that are separated by the rel-
ative coordinate x and relative momentum p to form a
deuteron. Together with the center-of-mass coordinateX
and momentum P of the coalescing proton and neutron,
they are defined by
X =
x1 + x2
2
, x =
x1 − x2√
2
,
P = p1 + p2, p =
p1 − p2√
2
. (24)
The parameter σ in the deuteron Wigner function (Eq.
(23)) is related to the root-mean-square radius rd of
deuteron through σ =
√
4/3 rd ≈ 2.26 fm [104–106] and
is much smaller than the size of the nucleon emission
source considered in the present study. We note that the
coordinate transformations in Eq. (24) conserve the vol-
ume in phase space, instead of the volumes in coordinate
and momentum spaces separately.
For protons and neutrons emitted from a locally ther-
malized fireball of temperature T and volume V , their
distribution functions in the non-relativistic approxima-
tion are given by fp,n(x,p) = ρp,n(x)(2πmT )
− 32 e−
p2
2mT ,
where m is the nucleon mass and ρp,n(x) is the local
proton or neutron density. In this case, the integral in
Eq. (22) can be straightforwardly evaluated, leading to
Nd =
23/2gd
(2πmT )3
∫
d3x1d
3x2 ρn(x1)ρp(x2)e
−
(x1−x2)
2
2σ2
×
∫
d3P e−
P2
4mT
∫
d3p e−p
2(σ2+ 12mT )
≈ 3
21/2
(
2π
mT
)3/2 ∫
d3x1d
3x2ρn(x1)ρp(x2)
× 1
(2πσ2)3/2
e−
(x1−x2)
2
2σ2 , (25)
where the second expression follows from the fact that
the thermal wavelength of a nucleon in the kinetically
freeze-out hadonic matter is much smaller than the size
of a deuteron.
Similarly, the number of tritons from the coalescence
of two neutrons and one proton is given by
Nt = gt
∫
d3x1d
3p1d
3x2d
3p2d
3x3d
3p3fn(x1,p1)
fn(x2,p2)fp(x3,p3)Wt(x,λ,p,pλ), (26)
6where gt = 1/4 is the statistical factor for two spin 1/2
neutrons and one spin 1/2 proton to form a spin 1/2
triton. The triton Wigner function is taken to be
Wt(x,λ,p,pλ) = 8
2 exp
(
−x
2
σ2t
− λ
2
σ2t
− σ2t p2 − σ2t p2λ
)
,
(27)
with the additional relative coordinate λ and relative
momentum pλ defined together with the center-of-mass
coordinate X and momentum P of the three coalescing
nucleons by [105–107]
X =
x1 + x2 + x3
3
, λ =
x1 + x2 − 2x3√
6
,
P = p1 + p2 + p3, pλ =
p1 + p2 − 2p3√
6
.
(28)
The parameter σt in the triton Wigner function
(Eq. (27)) is related to the root-mean-square radius rt
of triton through σt = rt = 1.59 fm [104–106]. The num-
ber of tritons produced from the above thermal emission
source is then
Nt ≈ 3
3/2
4
(
2π
mT
)3 ∫
d3x1d
3x2d
3x3ρn(x1)ρn(x2)
×ρp(x3) 1
(3πσ2t )
3
e
−
(x1−x2)
2
2σ2t
−
(x1+x2−2x3)
2
12σ2t , (29)
after taking into consideration of the much smaller nu-
cleon thermal wavelength than the triton size.
For a nucleon distribution with density fluctuations
over a length scale much larger than the sizes of deuteron
and triton, one can neglect higher-order correlations
in density fluctuations and rewrite Eqs. (25) and (29)
as [38, 39]
Nd ≈ 3
21/2
(
2π
mT
)3/2 ∫
d3x ρn(x)ρp(x)
≈ 3
21/2
(
2π
mT
)3/2
Np〈ρn〉(1 + Cnp). (30)
and
Nt ≈ 3
3/2
4
(
2π
mT
)3 ∫
d3x ρ2n(x)ρp(x)
≈ 3
3/2
4
(
2π
mT
)3
Np〈ρn〉2(1 + ∆ρn + 2Cnp).(31)
In the above, Cnp = 〈δρn(x)δρp(x)〉/(〈ρn〉〈ρp〉) denotes
the correlation between the neutron and proton density
fluctuations and ∆ρn = 〈δρn(x)2〉/(〈ρn〉2) is the relative
neutron density fluctuation as defined in Eq. (21), where
〈· · · 〉 denotes the average over the coordinate space [38,
39].
The yield ratio NtNp/N
2
d is then given by
Op-d-t = NtNp
N2d
≈ 1
2
√
3
1 + 2Cnp +∆ρn
(1 + Cnp)2
. (32)
In the case that the correlation between the neutron and
proton density fluctuations Cnp is small, one has in the
leading-order approximation,
Op-d-t = NtNp
N2d
≈ 1
2
√
3
(1 + ∆ρn) ≈ 1
2
√
3
y2, (33)
where the last step follows from the definition of the
second-order scaled neutron density moment in Eq. (20).
The above equation shows that the information on spa-
tial density fluctuations is encoded in the yield ratio
NtNp/N
2
d , and a large neutron density fluctuation would
lead to an enhancement of its value. This is different from
the net-baryon density fluctuation, which is related to the
susceptibility of conserved baryon charge [108]. However,
since nucleons carry most of the baryon charges in heavy-
ion collisions at energies with significant stoppings, the
nucleon density fluctuation is expected to be closely re-
lated to the (net-)baryon density fluctuation. The above
effect of nucleon density fluctuations on deuteron and tri-
ton production is also expected to affect the production of
heavier nuclei such as the 4He [38, 41, 109]. The relation
between the nucleon density fluctuation and the yield ra-
tio NtNp/N
2
d given by Eq. (33) is quite general and is not
restricted to the coalescence model considered here. As
shown in the Appendix, they can also be obtained in the
thermal model that assumes local thermal and chemical
equilibrium among nucleons, deuterons and tritons with
a spatially varied chemical potential for nucleons.
III. RESULTS
To illustrate the effect of a first-order quark to hadronic
matter phase transition on light nuclei production in rel-
ativistic heavy ion collisions, we take the initial distribu-
tion of quarks and antiquarks in the coordinate space as
in Ref. [23] by letting them to follow a spherical Woods-
Saxon form:
ρ(r) =
ρ0
1 + exp((r −R)/a) , (34)
with a radius R = 6 fm, a surface thickness parameter
a = 0.6 fm, and a central net-quark density of ρ0 = 1.5
fm−3. The momenta of these partons are taken to follow
a relativistic Boltzmann distribution with the tempera-
ture T = 70 MeV and the chemical potentials µu = µd
and µs = 0. For the equation of state of the partonic
matter, we consider the two cases with and without a
first-order chiral phase transition and a critical endpoint
by setting the vector coupling constant in the NJL model
to gV = 0 and gV = GS , respectively. In both cases, an
isotropic cross section of 3 mb is used for the scatter-
ing between two partons, and the Pauli-blocking factors
7FIG. 2: Evolution of the distribution of net-baryon number density in fm−3 and the second-order scaled density moment y2
(shown above individual windows) in transverse plane z = 0 in the partonic phase (upper windows) and the hadronic phase
(lower windows) for the case of gV = 0, corresponding to a first-order quark to hadronic matter transition.
in the collision term of the transport equation are ne-
glected as their effects are appreciable only in the very
beginning of the time evolution of the system when the
parton density is high and become unimportant as the
system expands.
A. First-order chiral phase transition
y 2
time (fm/c)
 gV = 0, First-order chiral phase transition
 gV = Gs, Crossover
 Hadronization
FIG. 3: Time dependence of the second-order scaled moment
y2 of net-baryon density for the two cases of gV = 0 with a
first-order chiral phase transition (solid line) and gV = GS
with a smooth crossover chiral transition (dash-dotted line).
Red solid stars indicate the time at which hadronization takes
place.
We first consider the case of vanishing vector coupling
constant gV = 0, corresponding to a partonic matter that
 Spinodal Region (( P/ q)T < 0, gv=0)
FIG. 4: Evolution trajectories of the partonic matter in the
plane of temperature T versus net quark number density ρq
for the two cases of gV = 0 with a first-order chiral phase
transition (red solid circles) and gV = GS with a crossover
chiral transition (solid stars). The spinodal region in the case
of gV = 0 is denoted by the shaded region.
undergoes a first-order chiral phase transition. Shown in
Fig. 2 is the distribution of net-baryon number density
in fm−3 in the transverse plane (z = 0) during the time
evolution of both the partonic phase (upper windows)
and the hadronic phase (lower windows). It is seen that
the second-order scaled density moment y2, given above
each window and also shown in Fig. 3 by the solid line,
during the partonic evolution increases as the system ex-
pands. These results are obtained from 100 events with
100 test particles used in each event to solve the transport
8equation.
To understand the origin of the density fluctuations,
we consider the evolution trajectory of the system shown
by red solid circles in Fig. 4. Each point on the tra-
jectory is obtained from the average temperature and
net-quark number density of the system over all its cells
weighted by the parton number in each cell, with the
temperature and net-quark number density in each cell
determined from assuming the energy density and the
net-quark number density in the rest frame of the cell
being the same as those of a thermally equilibrated sys-
tem. For the present case of gV = 0, the system enters
the spinodal region of the phase diagram, shown by the
shaded region, at around t = 4 fm/c. With decreasing
temperature and density as the system expands, density
fluctuations gradually develop as a result of the spinodal
instability and reach a value of y2 ∼ 2 at t = 15 fm/c.
This value is larger than the value of ∼ 1.7 in Ref. [23],
and this is because a smearing density distribution ρ(x)
over neighboring cells is used in the present study to cal-
culate the y2 according Eq.(21). We note that for the
initial conditions used in the present study, the scaled
density moment y2 of net-baryon number density has a
similar value as that of the baryon number density.
Although the chiral symmetry broken matter in the
coexistent region inside the dash-dotted line in Fig. 4
should in principle be described in terms of hadronic de-
grees of freedom if one assumes that the chiral phase
transition and the deconfinement transition coincide, we
use the NJL model to describe its properties and dy-
namics in the present study for simplicity. In this re-
spect, we adopt the condition for the hadronization of
the partonic matter by choosing the in-medium quark
mass to have an average value of around 260 MeV, which
is about 70 percent of its mass M0 = 367.7 MeV in vac-
uum. This condition is fulfilled at th = 15 fm/c for the
case of gV = 0, when we convert all partons in the NJL
transport model to hadrons through the spatial quark co-
alescence model in the AMPT [63]. The scatterings and
propagations of these hadrons are then described by the
ART model [64] in AMPT. Results on the time evolu-
tion of the net-baryon density distribution in the trans-
verse plane at z = 0 of the hadronic matter are shown in
the lower panels of Fig. 2. It is seen that except a very
small discontinuity in the value of y2 at hadronization
due to the spatial coalescence model used in AMPT to
convert partons to hadrons, the net-baryon density dis-
tribution at hadronization is entirely carried over from
the partonic phase to the hadronic phase, suggesting the
conservation of local baryon charge in the coalescence
model used in the AMPT for hadronization. Also, the
large second-order scaled net-baryon density moment y2
at hadronization remains substantial during the hadronic
evolution as shown in Fig. 3 by the solid line starting from
the red star when hadronization occurs.
The above seemingly counter-intuitive result that the
large density fluctuations developed at the phase tran-
sition can survive strong hadronic scatterings is due to
the rapid expansion of the hadronic matter compared
to the relative slow global thermal equilibration of con-
served charges through diffusion [110]. This phenomenon
is analogous to the temperature fluctuations in the cos-
mic microwave background (CMB) at different angles,
which is now considered as the remnant of quantum fluc-
tuations in the primordial Universe during the rapid in-
flation epoch [111, 112]. Also, according to Eq. (20), the
second-order scaled density moment y2 would remain a
constant if the expansion of the hadronic matter is self-
similar, i.e., ρ(λ(t)x, t) = α(t)ρ(x, th), where λ and α are
any real functions of time t, similar to the expansion of
the Universe.
B. Smooth crossover
For the case of gV = GS with a smooth crossover chiral
transition, results on the net-baryon number density dis-
tributions in the transverse plane during the evolution
of the partonic and hadronic phases are shown in the
upper and lower windows of Fig. 5, respectively. The
corresponding y2 shown in Fig. 3 by the dash-dotted line
is much smaller than the case with a first-order chiral
phase transition and only changes slightly throughout
the partonic and hadronic evolutions of the system, as
the density fluctuations in this case are largely due to
statistical fluctuations and the finite size of the system.
Also, the system in this case expands much faster than
in the case of gV = 0 with a first-order phase transition
as shown by the solid stars in Fig. 4. A similar consider-
ation based on the quark in-medium mass as in the case
with a first-order chiral phase transition leads to a global
hadronization at th = 8 fm/c.
We note that the difference in the behavior of the
scaled density moment y2 in Fig. 3 between the two cases
is mainly due to whether there is a spinodal instability in
the equation of state, not because of their different expan-
sion rates. This argument is consistent with the results
in Refs. [21, 25]. Although two equations of state with
and without spinodal instabilities are also used in this
study, they are related by the Maxwell construction and
thus describe the same first-order phase transition. It is
found that these two equations of state give very differ-
ent behaviors in the density moments as in our study, but
lead to similar radial expansions for the produced matter
in heavy ion collisions.
C. Light nuclei production
Although spatial density fluctuations cannot be di-
rectly measured in experiments, it can lead to an en-
hancement [38, 39] of the yield ratio NtNp/N
2
d as seen
from Eq. (33). Using the phase-space distribution of nu-
cleons at the kinetic freeze out in AMPT, we can calcu-
late the production probabilities of deuteron and triton
according to Eq. (23) and Eq. (27), respectively. To
9FIG. 5: Same as Fig. 2 for the case of gV = GS , corresponding to a smooth crossover from the quark to the hadronic matter.
achieve good statistics, test nucleons in each event are
allowed to coalesce to deuterons and tritons. As shown
in Fig. 6, the yield ratio NtNp/N
2
d is about 0.49 ± 0.02
(solid star) for the case of a first-order chiral phase tran-
sition and is about 0.38 ± 0.02 (open star) for the case
of a smooth crossover transition. Compared with the
value of about 0.29, given by Eq. (33) for a uniform den-
sity distribution, shown by the dashed line in Fig. 6, the
enhancements of the yield ratio NtNp/N
2
d in these two
cases are about 1.7 and 1.3, respectively. These values of
enhancement are similar to those expected from the val-
ues of y2 in Fig. 3, which, according to Eq. (33), would
lead to the enhancement of about 2 and 1.2 for the two
cases with and without a first-order phase transition, re-
spectively. The value of about 0.38 for NtNp/N
2
d in the
0.1
0.2
0.3
0.4
0.5
0.6
gV = GsgV = 0
 Baseline (Uniform density distribution)
 gV = 0, First-order chiral phase transition
 gV = Gs, Crossover
N
tN
p/N
d2
FIG. 6: Yield ratio NtNp/N
2
d of proton (p), deuteron (d),
and triton (t) for the cases of gV = 0 with a first-order phase
transition (solid star) and gV = GS with a crossover transition
(open star). The dashed line denotes the value of about 0.29
for this ratio when using a uniform density distribution in
Eq. (33).
case of gV = GS is consistent with that from a recent
study [65] based on the AMPT model with a smooth
partonic to hadronic phase transition, which also predicts
a constant value of around 0.4 for NtNp/N
2
d regardless
of the collision energy. A pure hadronic JAM transport
model with light nuclei produced via a simple coalescence
model based on some coalescence radii in phase space also
predicts a similar collision energy independent constant
value for NtNp/N
2
d [102]. Compared to these baseline
results from transport models, the enhancement in the
yield ratio NtNp/N
2
d due to the first-order chiral phase
transition in the present study is about 1.29, which is
appreciable in comparison to the peak enhancement of
1.5 at
√
sNN ∼ 20 GeV in the preliminary data from the
STAR Collaboration [43–45]. Our findings thus justify
the suggestion in Refs. [38, 39] that the non-monotonic
behavior in the collision energy dependence of the ratio
NtNp/N
2
d is a good signature for the QCD phase transi-
tions.
A possible enhanced production of light nuclei in the
presence of a first-order phase transition has also been
found in a previous study based on a fluid dynamic model
using the equation of state from the Polyakov Quark Me-
son model that has a first-order phase transition [37]. In
this study, the much heavier A = 5 and A = 8 nuclei were
considered, which are, however, much harder to measure
in high energy heavy ion collisions due to their very small
numbers. Besides, the hadronic effects are not considered
in Ref. [37].
IV. CONCLUSIONS AND OUTLOOK
To study how density fluctuations, which results from
a first-order phase transition between the produced par-
tonic matter to the hadronic matter in relativistic heavy
ion collisions, evolve under subsequent hadronic scatter-
ings, we have extended the AMPT model by replacing its
partonic cascade stage with a partonic transport model
10
based on the 3-flavor NJL model. We have considered
two equations of state in the NJL model for the partonic
phase, with one having a first-order chiral transition and
a critical point (gV = 0) and the other having only a
crossover chiral transition (gV = GS). With an initially
thermalized partonic fireball, we have found that for the
case with a first-order chiral phase transition, large den-
sity fluctuations can develop in the partonic phase as
the evolution trajectory of the system passes through
the spinodal region of the QCD phase diagram during
its expansion. These density fluctuations are found to
carry over entirely to the initial hadronic matter after
hadronization, and largely survive after hadronic scat-
terings. Using the nucleon coalescence model for nuclei
production from nucleons, which is known to allow the
inclusion of the effect of nucleon density fluctuations, we
have calculated the yields of deuterons and tritons and
found an enhancement in the yield ratio of NtNp/N
2
d
compared to that obtained from the case with a smooth
crossover transition. The present study thus constitutes
an important step towards the understanding of the mea-
sured non-monotonic behavior in the collision energy de-
pendence of the ratio NtNp/N
2
d and the determination
of the QCD phase structure through the production of
light nuclei in heavy-ion collisions.
Since the test particle method used in the present
study suppresses the event-by-event fluctuations, which
is expected to be significantly enhanced in the critical re-
gion, the present approach thus needs to be modified to
address the critical phenomena associated with the crit-
ical point in the QCD phase diagram. As suggested in
Refs. [41, 109], the increase in the range of the nucleon-
nucleon interaction in the vicinity of a critical point can
further enhance the production of light nuclei in rela-
tivistic heavy ion collisions. It will be of great interest to
extend the present study based on the mean-field approx-
imation to include the long-range correlation between nu-
cleons near the critical point. Also, to fully understand
the collision energy dependence of the experimental re-
sults on light nuclei production, more realistic equations
of state, such as that from the PNJL model [113, 114]
or the extended NJL model with a scalar-vector intreac-
tion [115], and initial conditions for heavy ion collisions
are needed. Furthermore, a more realistic modelling of
hadronization than that currently used in AMPT is also
important. These improvements will allow us to quan-
titatively understand the non-monotonic behavior of the
yield ratio NtNp/N
2
d in the experimental data and to lo-
cate the position of the critical point in the QCD phase
diagram.
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Appendix A: Density fluctuations and light nuclei
production in the thermal model
In the conventional thermal model for particle pro-
duction in relativistic heavy ion collisions, the produced
matter is assumed to be in global thermal and chemical
equilibrium and to have a uniform density distribution.
The effect of density fluctuations can be included in this
model by assuming that the produced matter is in local
thermal and chemical equilibrium with a space depen-
dent temperature T (x) and chemical potential µ(x). For
the simplified case of a constant temperature, the nucleon
number density is given by
ρn,p(x) =
2
(2π)3
4πTm2K2
(m
T
)
e
µn,p(x)
T , (A1)
where K2 is the modified Bessel function of second kind
and µn,p(x) denotes the space dependent chemical poten-
tials for neutron and proton. Assuming that deuterons
and tritons are in local thermal and chemical equilib-
riums with the nucleons, their number densities in this
model are then
ρd(x) =
3
(2π)3
4πT (2m)2K2
(
2m
T
)
e
µn(x)+µp(x)
T ,
ρt(x) =
2
(2π)3
4πT (3m)2K2
(
3m
T
)
e
2µn(x)+µp(x)
T . (A2)
The yield ratio Op-d-t = NtNp/N2d can be calculated in
the non-relativistic approximation as
Op-d-t =
K2(
m
T )K2(
3m
T )
4(K2(
2m
T ))
2
∫
d3xρp
∫
d3xρ2nρp
[
∫
d3xρnρp]2
≈ 1
2
√
3
∫
d3xρp
∫
d3xρ2nρp
[
∫
d3xρnρp]2
≈ 1
2
√
3
1 + 2Cnp +∆ρn
(1 + Cnp)2
. (A3)
which is identical to Eq. (32) obtained from the nucleon
coalescence model. Density fluctuations thus affect the
yield ratio NtNp/N
2
d similarly in both the coalescence
and the thermal model.
The above derivation is based on the assumption that
the local chemical equilibrium among protons, deuterons,
and tritons is maintained from chemical freeze out until
kinetic freeze out as a result of the large production and
dissociation cross sections of deuterons and tritons during
the hadronic evolution [90]. If one assumes instead that
the yields of deuterons and tritons produced at the chem-
ical freeze out of identified hadrons remain unchanged
during hadronic evolution as assumed in usual statisti-
cal hadronization model, there is an additional factor in
Eq. (A3) from the contribution of resonance decays to
protons [95].
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